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Abstract 

The electrodynamics supplemented with a Chern-Simons (CS) ac- 
tion (Carrol-Field-Jackiw electrodynamics) in a half space is studied. 
The passage of photons and massive vector mesons through a bound- 
ary between the CS medium and the vacuum of conventional Maxwell 
■ electrodynamics is investigated. Effects of reflection from a bound- 

ary (up to the total one) are revealed when vector particles escape to 
CN ! vacuum and income from vacuum passing the boundary. 

> 
CO 

o : 1 Carroll-Field- Jackiw model with the bound- 

m 

cn : ar y 

The interest to possible Lorentz and CPT Invariance Violation in the Stan- 
dard Model was raised up in last 20 years after the seminal paper [T]. In 
that work the electrodynamics modified with additional Chern-Simons (CS) 
parity-odd lagrangian spanned on a constant CS four-vector was considered. 
From the analysis of the radiation of distant radio galaxies it was shown that 
there is no such violation on the Hubble scales. Nevertheless spontaneous 
Lorentz symmetry breaking may occur after condensation of massless axion- 
like fields [2], [3] [5] at space scales comparable with star and galaxies sizes, 
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in particular, near (or in) very dense stars [6J. Axion background can in 
principle induce the high-energy photon decays into dilepton pairs [7] and, 
in turn, photon emission by charged particles [§]. Another interesting area 
for observation of parity breaking is a heavy ion physics. Recently several 
experiments in heavy ion collisions have indicated an abnormal yield of lep- 
ton pairs [9j HP] . It was conjectured that the effect may be a manifestation 
of local parity breaking in colliding nuclei due to generation of pseudoscalar, 
isosinglet [TT] or neutral isotriplet [12] . classical background in finite volume 
with magnitude depending on the dynamics of the collision. In the case 
when axion-like background occurs in astrophysics or heavy ion physics the 
existence of a boundary between the parity-odd medium and the vacuum 
is quite essential. For axion stars there is evidently a boundary where ax- 
ion background disappears and photons escape to vacuum. However, not 
all of the photons penetrate it and partially a reflection arises that will be 
shown in Sec. 2. A similar phenomenon occurs during external irradiation of 
a star with broken parity and, in addition to, a phase rotation of circularly 
polarized wave happens. 

In heavy ion collisions the yield of photon/vector meson decays into lepton 
pairs may be enhanced by pseudoscalar background inside the hot fireball. 
Such a background is described in average by axial chemical potential which 
corresponds to the time-like CS vector, while the boundary of the fireball is 
spatial. This case is investigated in Sec. 3. In both cases the energy range for 
vector mesons in medium is found in which the total reflection holds. Thus 
the examination of how an axion/pion background in a bounded volume 
can influence on photons and massive vector mesons propagating through a 
boundary to vacuum and back may serve for detecting parity odd properties 
of a medium. 

We start the description of Carroll-Field- Jackiw model with the Lagrange 
density which describes the propagation of a vector field in the presence of a 
pseudoscalar axion-like background, 

C = -\F^{x)F a p{x)- \F^{x)% v {x)a^{x) + \m 2 A v {x)A v {x),{l) 

where A^ and a c e stand for the vector and background pseudoscalar fields 
respectively, F^ v — | e pvpa F pa is a dual field strength. We have included 
the mass term for vector fields to account for parity breaking effects in the 
formation of massive vector mesons (p, u, . . .) in heavy ion collisions [11] and 
to ensure consistency of the photon dynamics in the case of CS Lagrangian 
[T3] with time-like CS vector. 

Let us consider a slowly varying classical pseudoscalar background, 

ace(x)= txx x 0(-(-x) (2) 
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where #(■) is the Heaviside step distribution, in which a fixed constant four 
vector C M with mass dimension is put as an argument. In this case Lorentz 
invariance is violated in the Minkowski half space ( ■ x < . Taking in account 
([2]), using the Gaufi theorem and integrating by parts, one can derive the field 
equations from the equivalent Lagrange density, 

I 1 -~ 7TI 2 

C = --F°^(x)F afi (x) + -C,A v {x)F^{x) 9{- C • x) + —A v {x)A»{x), (3) 

The corresponding field equations are, 

UA v {x) + m 2 A v {x) = e uapa ( a d p A a (x) for (-x < 

UA v {x) + m 2 A"(x) = for (-x>0 



(4) 



We shall solve this equations in case of (-x < 0. Let us recall the construction 
of the chiral polarization vectors for the Maxwell-Chern-Simons (MCS) vector 
field, which are built using the projector on the plane transverse vectors k^, ( u 

S\== 5» X D + k» k x ( 2 + C ( x k 2 - ( ■ k(( x k» + C k x ); (5) 
D = ((.k) 2 -C 2 k 2 = \S\. 
Using the latter equality one can find that, 

S^ x e Xu ^C^ = De%C^. (6) 

Then to our purpose it is convenient to introduce the two orthonormal, one- 
dimensional, Hermitian projectors, 

' ± ~^C*M~* = «")* = «T (d>o). (7) 



± - 2D ^ 2" s "'"~ ' '"" ± ' "* = 



A couple of chiral polarization vectors for the MCS field can be constructed 
out of constant tetrades e^, 

dr(fc)=7r£e„. (8) 



Their properties were thoroughly described in 

In order to obtain the normal mode of propagating the MCS field, let us 
introduce the kinetic 4x4 Hermitian kinetic matrix K with elements, 

K Xv = g Xv (k 2 - m 2 ) + ie XvaP ( a k?; K Xv = K* x . (9) 

We obtain the general solution of the free field equations (T4J) for £ ■ x < 
from the relations ([7]), ([8]), 

K^elik) = \^ v {k 2 -m 2 )+^{n% - *t v )\el{k) 

1 -m 2 ± Vv) e£(Jfc). (10) 
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2 Classical solutions for a space-like Chern- 
Simons vector 

Let us consider the case of a spatial Chern-Simons vector = (0, — £ x , 0, 0). 
In order to solve the classical Euler-Lagrange equations (jlj), let us introduce 
the vectors: k = (u, k 2 , k 3 ), x = (x , x 2 , x 3 ), and their scalar product k ■ x — 
—uxq + k 2 x 2 + k 3 x 3 . Using the Fourier transformation in these coordinates 
one can solve the equation describing A\ in the entire space, 

A 1 = u^(u, k 2 , k 3 )e ik ^ + u 1+ >, k 2 , k 3 )e- ik ™ x \ (11) 

where k 2 = lo 2 — m 2 — kj_, k\ = k 2 + k 3 . 

Let us consider the system (jlj) for the remaining components and perform 
Fourier transformation over x, 

(-u 2 + m 2 + k 2 ± )A - d 2 A = iCJi-XtXhAs - k 3 A 2 ) 
(-u 2 + m 2 + k\)A 2 - d 2 A 2 = -i( x e(- Xl )(k 3 A + ojA 3 ) (12) 
(-u 2 + m 2 + k 2 ± )A 3 - d\A 3 = iC >x 9{-x l ){ujA 2 + k 2 A ). 

This system is valid in all the space. In the case X\ > one obtains the 
solutions of the Maxwell equations in vacuum. But in the case X\ < 
solutions describes the MCS electrodynamics, 

u„->(w, k 2 , k 3 )e ikiax ' + u v ^(u, k 2 , k 3 ) e - ikwx \ x x > 0; 

K = I (13) 
E [v„a->(u, h, k 3 )e ik ^ + v uA ^(co, k 2 , k 3 )e~ ik ^] , x x < 0. 

A 

Herein the first index of v denotes the corresponding component of A u , v = 
0,2,3, the second index A stands for different mass-shell dispersion laws k\ 
for polarizations L, +, — and the arrows — >, point out the direction of 
particle propagation. The dispersion laws for different polarizations read, 
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lu 2 — m 2 — k. 



U! 2 — m 2 



kl + ( x ^u 2 -k 2 ± ; (14) 



u 2 — m 2 — k\ — ( x \/uj 2 — k\. 
Furthermore, v satisfy the following conditions, 

V2 +^ = V ^ V2 -^ = ^ "3- 

2(^3^2+^-^2*3+^). ~ i(k3V 2 -u-k 2 v 3 _ u ) _ 

V2L^ = ^v 3L ^; VqL^ = ~f 3 v 3L ^. 



(15) 
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Thus we have the solutions in both half-spaces, and we have to match them 
on the boundary. Let us integrate the system ffl2|) over Xi from — e to e. It 
will give us [13] the matching conditions, 



^ 2 o(-^f- + 1 ^f^) = <C E(fc3^^- + c^J^); (i 6 ) 

The contributions to the amplitudes in the right half-space (u^) from 
different polarizations in the left one are independent: it M = +Uft \ 

If A = L, the right parts in this system are equal to zero (from ([15]) ), therefore 
we get, 

u { u\ - u%L = v uL ^ - w (17) 
For A — ±, using the relations between v± ffT6l) one can obtain, 



~(±) _ ~(±) _ (Vv±-> ~ Vv±^)k 



K4 - 

#10 



1+ 



Besides, all contributions in A are continuous, 

u[ A \ + uif = v uA ^ + v vA ^- (19) 

With the help of this equalities one can obtain the relations between u and 
v in the final form, 

K4 = «Ka->( r ) - ^a^( 7 )); (20) 

<^ = -{-V uA ^{ 7 ) + ^A<-( 7 ))• (21) 

2.1 Escaping from the parity breaking medium 

Let the particle pass from the left half-space to the right one. Then one has 
to put = and thus, 

sS = ^-w; ^= ^7^^ , (22) 

for z/ = 0, 2, 3 . Using (fl9i) . one can find what part is reflected, 

VvL*r- = 0; tv±<- = -r— iv±->, (23) 
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and what has passed through the boundary, 

ufX = ufl = - 2k '\ v v± ^. (24) 

MO + «1± 

We may rewrite dispersion laws in terms of the invariant mass M 2 = knk^ = 



rn 
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Cr a/ (oo 2 — k±). In the case of the dilepton decay of the particle in 
parity odd medium, it is an invariant mass of the lepton pair, which is the 
observable quantity. Now let us express co by M, 



fcii=w (M^_ m2; h±=] jiM^l_^ (25) 

In this terms the dispersion laws for (+) and (— ) polarizations coincide. But 
the difference between this expressions is in their domains of definition: when 

A = +, the invariant mass satisfies the condition M 2 < (ym 2 + ^ — |) 2 , 



while for M 2 > (y m 2 + ^- + |) 2 we deal with polarization (— ). Notice, that 
in the case of (+) polarization, the squared invariant mass may be negative. 
For instance, if the particle is massless, then for the positive polarization 
of the photon one has M 2 < 0. Nevertheless, on the whole set of accessible 
values of the invariant mass, we may write a reflection coefficient in the form, 



'i^-f) 2 _ M 2 - J^-f? - m 2 \ 

Kef = ' = V C (26) 

'iM^-M 2 + ^-^^-m 2 \ 

Such a dependence on the invariant mass allows us to plot the k re f(M 2 ). 
We present here the graph for the photon escaping from the parity breaking 
region (fig. 1). 

As one can see from the graph, in the case of the spatial CS vector and 
the spatial boundary, for \M 2 \ >> ( 2 most photons escape from the parity 
odd medium, while a significant part of the photons with M 2 ~ £ 2 for (- 
) polarization and with \M 2 \ << ( 2 for (+) polarization reflects from the 
boundary and does not escape from the medium. 

2.2 Entrance to the parity odd medium 

It is no less interesting to consider another case, when a particle moves from 
the right half-space to the left one. Respectively, we have to take v^a^ = 0. 
From relations fT2"T|) we obtain, 

«io + kiA ho + k 1A 
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Figure 1: The reflection coefficient from the boundary for photons escaping 
the parity odd region. The kinematically forbidden range of values of the 
invariant mass is shaded. 



The only point we do not know in this problem is the relation between 
UvQ,u^,Vw£-. We can find them using ffT5]) . fl27|) and all incoming ampli- 
tudes («!/<_). Below the expressions for all components are presented, 

„(±) _ k\ - ^k^ik 2 ^/w 2 -k\ „ ujk 2 ±ik 3y /uj 2 -k 2 ± ( 2 °) 



~(±) _ o; 2 -A;2 _ wfeTifev^^l ~ , k 2 k-j,^iw u) 2 -k 2 ± v / 

- 2 (o;2-^) n 2^ H 2 ( w 2_ fc 2) «Q«- H 2(cj2_fc2) W 3^- 



f,( L ) - fc 3 f, 0^3 f, _ fc 2 fc 3 - . 

~(±) _ U 2 -k 2 ~ , ^fc 3 =fcifc 2v /^2-fc2 „ , fc 2 fc 3 ±^ V /^2-fc 2 L _ ( 30 J 

M 3<- ~ 2(a;2-fc^)^3^ H 2{u 2 -kl) H 2(cj 2 -fc 2 _) W2 ^- 

Now with the help of these relations, we can find what part of photons 
is reflected and what is passed through. Photon can have two transversal 
polarizations. We may obtain the solution in the right half-space (x± > 0), 
using the variables k x, 

A"(X) = fdke(c0 2 -kl)J2 [ a *,r«*,>)+«Vr "*,>)]' (31) 
J r=l 

u v %r {x) = [(27r) 3 2A; 1 o]- 1/2 e^(^) exp{ik wXl + ik ■ x}, r = l,2.(32) 
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The two linear transversal polarization vectors are orthonormal and on the 
mass shell k 2 = do satisfy the closure relations, 



Without loss of generality, let us fix the polarizations 

h k 2 



ei(fc) = (0,0, 



\k\ 



\k l 



\k ± \^/^¥ A 



(33) 



{kl,0,cuk 2 ,u)h). (34) 



We may consider a situation, when a ray of polarized photons with the po- 
larization e 1 {k) falls across the boundary from vacuum, 



u^{k) = a(A;)|A;j_|e 1 (A;). 
By means of (1281 - (1301) . we obtain the reflected part, 
Ifcil 



U-+(k) = a(k)- 



(35) 



(36) 



x 



■ho - h- 



k 



10 



e\k) + ( 



10 



k 



10 



k 



i+ 



kw + k\- k w + k\ + k 10 + &4_ k 10 + k\ , 

Thereby in this case we may define the two reflection coefficients 

1 - 



e\k) 



k 



ref 



Kef 



fel 



1 + 



+ 



1 + 



fel 



1 + 
1 - 



1+* 



fel 



1 + 



1 + 



1+* 



(37) 



(3? 



using the expression for and taking in account the fact that photons 

coming from vacuum are on the mass shell (k± = k w ). 

At values k± < ( photons cannot penetrate into the parity odd medium 
(this process is kinematically forbidden). However, starting from k\ — C, 
photons may cross the boundary, that is why in Fig. 2 one can see a cusp of 
the curves at this value. Thus, low-energy photons are completely reflected 
from the boundary; with increasing energy some of photons may change their 
polarizations; and only when k\ > ( a part of photons may enter to the CS 
medium. Let us construct those polarizations (linear combinations of e 1 and 
e 2 ) which are not mixed in the process of reflection, 



V2 



V + e 2 ); e 



R 



V2 



(e^-e 2 ). 



(39) 
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Figure 2: Reflection of the photons with linear polarization. Dotted line 
corresponds to the reflection coefficient for the process without polarization 
change. Dash line is for the process with the change of polarization. 



For this circular polarizations we may define the reflection coefficients, 



h ref 



K ref 



(40) 



One should also pay attention to the fact that in the process of reflection 
circular polarizations change their phases since, 



1 V; 



1 + 



1 



1 + £ 



(41) 



If ki < (, then after reflection the left polarization changes its phase by 
Arq( — % — =). The coefficient for e R on the entire domain fci > is negative, 
so the phase change in this case is n. 



3 Time-like Chern-Simons vector with a spa- 
tial boundary 

The case of time-like CS vector and spatial boundary = ( £0(—xi), 0, 0, 0) 
may be useful for a description of processes occurring in heavy ion collisions 
because it helps to understand what happens with particles inside the fireball. 
Just as in the previous section which deals with spatial CS vector one can 
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find solutions for the vector field in a form (jllj) . ()13|) . But in this case the 
dispersion laws change, 



XL = «io = y w 2 - m 2 - kj_; 



k 1± = \lu) 2 -m 2 -kl + ^T(yu 2 -m 2 + '^-. (42) 

As well as for spatial CS vector we may obtain the relations between the 
coefficients Vi A ^±] 

-i(k 1A (k 2 A - k 2 ) - ( 2 k 2 h _ _ n ~ 

V ^ ~ 7p Tip V ^ = C 2A V3A^; 

-i(k 2 {k 2 1A - k 2 ) -( 2 k 3 k 1A „_ 

v ^ = 7T2 72~U (43) 

Now let us consider the system (j3J) and perform the Fourier transformation 
over variables xq, x 2 , x%. Just as before, matching conditions which are 
obtained from the integrating the system over an infinitesimal interval (— e, e) 
dictate the continuity of all spatial components of the vector field. Using 
this fact we can write the reflection coefficients for each polarization for the 
particles escaping from parity breaking medium. 

K\A + K 10 

We may plot the dependence of reflection coefficient on the transversal mo- 
mentum (k±) and the invariant mass M 2 = k^k^. Let us represent dispersion 
laws in terms of invariant mass, 

k ^(M^nfl_ kh ^(M!^ + (M2 _ mVti . (45) 

The dispersion relations in these variables are the same for both polariza- 
tions again, however their domains are different. The change of polarizations 
occurs at the value Mq = m 2 — It means that if M < Mq then the 
polarization is negative, but if M > M then we deal with the positive po- 
larization. Furthermore there is a condition which arises from the kinematic 
reasons: < ^ M ~T m ^ . Using these arguments one can write the reflection 
coefficient in a following form, 



(M2 7f 2)2 - k 2 - H M2 -f) 2 + (M 2 - m 2 ) - k 2 \ 

Kef = \ = \ ■ (46) 

'iM^? _ p ± + JiM^L + (M 2 - m 2 ) - k\\ 
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Generally speaking k re f depends on M and k±. But we present here the 
graph for a;-meson, which flies by perpendicularly to the boundary, i.e. for 
this particle kj_ = 0. In this case one can see that for the values of invariant 
mass m 2 — Q 2 < M 2 < m 2 the reflection coefficient equals unity. As clearly 




Figure 3: Reflection coefficient for vector meson flying by perpendicularly to 
the boundary. For vector mesons £ = 300MeV is taken. 

seen from the graph, there is an interval of invariant masses ( 720 — 780MeV), 
where a vector meson born in the fireball cannot leave it, because it undergoes 
a total reflection at these values. 

However the choice of CS vector discussed above = ( (9(—xi), 0, 0, 0)) 
does not provide the gauge invariance since under the gauge transformations 
the following functional is not conserved, 

J d 3 x^A„d p A a 6^, (47) 

The gauge invariance can be saved by adding one more component to the CS 
vector, 

C M = (C0(-*i), Cx(xi, t), 0, 0); d 1 ( = dob, (48) 

The simplest solution of this differential equation is, ( x = —(t5(xi). Ob- 
viously inside the parity breaking medium the solutions of the equations of 
motion remain the same. 

Let us consider the system (|3]) with the modified CS vector (1151) and 
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perform the Fourier transformation over variables Xq, £ 2 , ^3- 



+ m 2 + k 2^ Ao _ 9 2 Aq = _ Cd ^ h A 2 - k 2 A 3 )S{x 1 ); 

(_o; 2 + m 2 + A;i)A 2 -^i 2 = 

= C0(-zi)(iMi + 3iA 3 ) - C^(Mk) + u}A 3 )6(x 1 )\ 
(- w 2 + m 2 + ^)i 3 -^i 3 = 

= ^(-xOC-ifcaAi - M2) + C^(fc 2 A + wi 2 )<y(a:i). 

When integrating this system over x\ from — e to e we find new matching 
conditions, 

ifcio(«o£ _ 45 + 45 - «o£) = -C^((^ 3 C 2j 4 - A: 2 )(v 3 a^ + iW-)); 
d\A\ — continuous; 

a (r,W 1 fS A h - uduCiA (si „ v ( 5 ™ 

<M« ^- + U 0^> - k 2 -k 3 C 2 A y VsA -> + V 3A^>, 

The second of these conditions and Eq.( |43|) provide the continuity of all 
spatial components of the vector potential. Taking this into account we 
may use the results obtained above. Thus the expression for the reflection 
coefficient (H6l) remains the same and effects connected with the total (or 
partial) reflection appear in the same form. 



4 Conclusions 

In this paper we studied the model of physical phenomena related to the 
propagation of photons and vector mesons between parity breaking medium 
and vacuum. Main results were obtained for the spatial CS vector. The rela- 
tions are presented which are suitable to calculate the passage or reflection of 
incoming or outgoing particles from the domain for each polarization. In par- 
ticular it was shown that transversal polarizations undergo strong reflection 
(up to the total internal one) at certain values of frequency. The analogous 
relations are found for the time-like CS vector but with a spatial bound- 
ary when there are problems with gauge invariance. It was shown that the 
mentioned problems do not affect the reflection and transmission coefficients 
which are just observable quantities in this case. In addition, for the spatial 
CS vector it was revealed that during the irradiation of parity odd medium 
by photons an additional rotation of circular polarizations may take place 
upon reflection from the boundary. Thereby the influence of a boundary 
between parity breaking medium and vacuum on the decay width of photons 
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and vector mesons represents an important and interesting problem which 
deserves to be a subject of further investigation. 
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